In this paper we investigate the canonical quantization of a non-Abelian topologically massive Chern-Simons theory in which the gauge fields are minimally coupled to a multiplet of scalar fields in such a way that the gauge symmetry is spontaneously broken. Such a model produces the Chern-Simons-Higgs mechanism in which the gauge excitations acquire mass both from the ChernSimons term and from the Higgs-Kibble effect. The symmetry breaking is chosen to be only partially broken, in such a way that in the broken vacuum there remains a residual non-Abelian symmetry. We develop the canonical operator structure of this theory in the broken vacuum, with particular emphasis on the particle-content of the fields involved in the Chern-Simons-Higgs mechanism. We construct the Fock space and express the dynamical generators in terms of creation and annihilation operator modes. The canonical apparatus is used to obtain the propagators for this theory, and we use the Poincaré generators to demonstrate the effect of Lorentz boosts on the particle states.
I. INTRODUCTION
Field theories in (2 + 1)-dimensional space-time exhibit many interesting and important properties related to the masses of the particle excitations of the quantum fields. For example, gauge theories involving a Chern-Simons term support massive gauge field excitations [1, 2] , which differ from the Higgs-Kibble excitations produced in conventional spontaneous symmetry breaking [3] . The combination of both spontaneous symmetry breaking and a Chern-Simons term for the gauge field leads to the Chern-Simons-Higgs (CSH) mechanism, in which the physical fields are transmuted in a process that combines the Chern-Simons and Higgs-Kibble mass-generating effects in a particularly interesting and instructive manner.
An analysis of the covariant gauge field propagator [4, 5] indicates the presence of two distinct mass poles, with masses given as complicated functions of the Higgs mass scale (set by the tree-approximation minimum of the symmetry breaking potential) and the ChernSimons mass scale (coming from the Chern-Simons coupling parameter which has dimensions of mass in three dimensional space-time). The two distinct mass poles may also be seen in a factorization of the Chern-Simons-Proca equations of motion [6] . A Schrödinger representation approach [7] provides a simple physical picture based on a quantum mechanical analogue which identifies the two masses precisely with the two characteristic frequencies of the planar quantum mechanical model of charged particles moving in both a uniform magnetic field and a harmonic potential well. In this present paper we investigate field theoretic aspects of the Chern-Simons-Higgs mechanism more deeply, presenting a detailed analysis of the canonical quantization of spontaneously broken Chern-Simons theories. In this work, we pay particular attention to the relation between the quantized fields and their particle excitation modes and to the structure of the Poincaré generators as functionals of these particle excitation operators.
We have chosen to consider a non-Abelian theory in which the non-Abelian gauge symmetry is spontaneously broken in a manner that preserves a residual non-Abelian symmetry in the broken vacuum. This choice is motivated by the question of how a spontaneously broken Chern-Simons theory 'knows' to quantum-mechanically protect the residual nonAbelian gauge symmetry from topologically nontrivial gauge transformations. For nonAbelian Chern-Simons theories, quantum consistency [1] requires that the Chern-Simons coupling parameter takes quantized integer values, in appropriate units. Qualitatively, this consistency condition is reminiscent of Dirac's quantum mechanical quantization condition for the magnetic monopole [8] , but since the Chern-Simons theory is a field theory further subtleties (such as renormalization) arise. Pisarski and Rao [9] showed that for a ChernSimons-Yang-Mills theory (with no matter fields or symmetry breaking) a consistent oneloop renormalization involves a finite additive renormalization of the Chern-Simons mass, with the finite shift depending on the gauge group and being such that the integer quantization condition is preserved. Subsequent calculations have confirmed the conjecture [9] that there are no further radiative corrections to this result [10] . Perturbative analyses of Abelian Chern-Simons theories subject to spontaneous symmetry breaking confirm the topological basis of the integer quantization of the renormalization of the Chern-Simons term [11] [12] [13] .
This work has shown that, in the Abelian case, in which topological arguments do not apply, the Chern-Simons mass receives a shift, in the broken vacuum, which is not an integer, but a complicated function of the various bare mass scales 1 . In a spontaneously broken nonAbelian Chern-Simons theory, with a completely broken symmetry in which the invariance of the effective theory to gauge transformations is no longer supported [13] , similar behavior was found 2 . More interesting is the situation in which the non-Abelian gauge symmetry is 1 In Ref. [14] it is suggested that this shift should not be interpreted as a finite renormalization of the Chern-Simons mass, but rather as an indication of the appearance of parity-violating terms in the effective action. This reformulation of the result extends the Coleman-Hill theorem [15] , concerning the absence of loop corrections to the Chern-Simons mass, to the case of Abelian spontaneously broken Chern-Simons theories.
only partially broken, leaving a residual non-Abelian symmetry in the broken phase. The presence of the non-Abelian residual symmetry suggests that the Chern-Simons coupling parameter should again be quantized, and indeed a direct perturbative computation [16] shows that the Chern-Simons coupling parameter receives a quantized finite shift which preserves the quantum consistency condition in the broken vacuum. 3 This work confirms the validity of the effective theory that describes the quantum fluctuations of the field about the spontaneously broken vacuum; and it motivates an investigation into the origins of the massive propagating particle excitations of this model, and the mechanisms by which they obtain their mass.
In this paper, we consider the canonical quantization of such a non-Abelian model, with a partially broken symmetry leaving a residual non-Abelian symmetry in the broken phase, and develop the underlying dynamical theory. We make explicit the representation of the operator-valued fields in terms of excitations that correspond to observable, propagating particles in the spontaneously broken vacuum. We formulate the model in (2 + 1)-dimensional Minkowski space-time and for definiteness we consider an octet of SU(3) gauge fields interacting with a triplet of scalar fields in the fundamental representation of SU(3). The scalar fields Φ are coupled gauge-invariantly to the gauge fields, and self-coupled through
where µ 2 > 0 and h > 0, so that, in the tree approximation, the scalar fields have nonvanishing vacuum expectation values. The vacuum expectation values of the three constituent fields in Φ are chosen so that the residual "effective" fields, which represent fluctuations of these scalar fields about their tree approximation vacuum expectation values, still maintain an unbroken SU(2) symmetry in their coupling to the gauge fields. In the canonical quantization of this model we construct this does not affect the qualitative conclusions of that paper. The corrected integral appears in
Ref. [16] .
time-dependent fields in an interaction picture that includes, in the "free" Hamiltonian that drives it, the interaction terms that become bilinear in fields when the charged scalar field Φ is expanded about its constant vacuum expectation value. We use these time-dependent interaction-picture fields to evaluate the propagators. And finally, we construct the particle states that correspond to the two different mass singularities in the propagator for this model. We express the trilinear and quartic interaction Lagrangian as a functional of these interaction-picture fields, and obtain a set of vertices that can be used to describe the theory.
In addressing these problems, we make use of technical developments that originated from separate earlier work by the authors [7, [18] [19] [20] [21] [22] .
In Section II, we formulate the model and describe the spontaneous symmetry breaking process. In Section III, we construct the required Fock spaces, express the scalar and gauge fields as superpositions of particle and ghost excitations, and implement Gauss's law and the gauge condition. In Section IV, we construct the interaction-picture scalar and gauge fields; and we evaluate their time-ordered vacuum expectation values in the spontaneously broken vacuum state, to obtain the propagators for this theory. In Section V, we construct the Poincaré generators for this theory, demonstrate the validity of the Poincaré algebra, and evaluate the effect of Lorentz boosts on each of the massive gluon states. Detailed forms of the interaction Lagrangian are given in an Appendix.
II. FORMULATION OF THE MODEL
The Lagrangian for this model is given by
where F a µν designates the SU(3) gauge field strength
we denote by F a µν the "Abelian" part of the field strength,
and f abc represents the SU(3) structure constants. The covariant derivative of the scalar triplet D µ Φ is given by
where λ a represents the Gell-Mann matrices which satisfy the commutation relations
The Lagrangian also contains the gauge-fixing term, with gauge-fixing parameter γ, for the covariant gauge -in this case, the t'Hooft gauge, which involves both the tree-approximation vacuum expectation value (v.e.v.) of the scalar field Φ 0 and the fluctuation of the scalar field about that vacuum expectation value Φ
the part of the Lagrangian that couples the gauge fields to the Faddeev-Popov ghosts, and is given by
where σ a f and σ a p are the two self-adjoint operator-valued anticommuting scalar FaddeevPopov fields.
We choose a scheme for breaking the SU(3) symmetry that preserves an SU(2) symmetry in the effective Lagrangian. In the tree-approximation vacuum state for this effective Lagrangian, the self-interaction V (Φ † Φ) takes on its classical minimum value for the tree-approximation vacuum expectation value Φ 0 . A choice for Φ 0 that satisfies this requirement is
where v = (2µ
. To analyze this model in the broken vacuum, we expand the scalar field Φ in terms of its fluctuations about the v.e.v. Φ 0
and expand the Lagrangian as
Here L 0 represents the "free" Lagrangian, in which the interaction have been shut off, and L 1 and L 2 represent terms that are first and second order in e, respectively. Note that there are several coupling constants and mass scales to consider when making this expansion, and we need to be specific about how coupling constants are "shut off" in taking L to its noninteracting limit L 0 . The Chern-Simons coupling constant m has dimensions of mass,
as do e 2 (the square of the scalar-gauge coupling), v 2 (the square of the magnitude of the scalar field v.e.v.), and ev. The noninteracting limit L 0 of the full Lagrangian L is defined to be the limit e → 0 and h → 0 with the "Higgs" mass scale ev kept constant, and the Chern-Simons mass scale unaffected. Then the noninteracting Lagrangian is
The O(e) interaction Lagrangian is
and the O(e 2 ) interaction Lagrangian is
We note that the presence of the Chern-Simons term in the original Lagrangian Eq. (9) introduces a new quadratic piece ∼ ǫF A in L 0 and a new 3-gluon vertex piece ∼ ǫAAA in
To identify the physical and unphysical fields in the broken vacuum, we first express Φ ′ in terms of real scalar fields
Then, using the explicit form given in Eq. (7) of the v.e.v. φ 0 , together with the Gell-Mann matrix anticommutation relations
we can write the free Lagrangian L 0 as
Here the symmetry breaking mass scales M (a) are given by (2) triplet corresponding to the residual SU(2) symmetry of the broken vacuum. It proves convenient to group the real scalar fields into SU(2) "isospinors":
and
With this notation, the fields A In earlier work on Abelian theories with Chern-Simons interactions [18] [19] [20] , we implemented Gauss's law and developed a canonical formulation for the entire Lagrangian, with all interactions included. In a non-Abelian gauge theory, such a program becomes much more problematical. We will therefore implement Gauss's law only for the partial theory described by L 0 . In this case, however, because of the spontaneously broken symmetry, even the Abelian L 0 contains part of the interaction -not only the part of the Φ 4 self-interaction implicit in the spontaneously broken vacuum state, but also the part of the gauge-invariant coupling of the gauge field to the "charged" scalar Φ that remains bilinear in operator-valued fields after Φ has been expressed as Φ = Φ ′ + Φ 0 . Although this part of the interaction term is proportional to e, it does not vanish in the "interaction-free" limit, because e combines with h −1/2 to become one of the masses that are kept constant in the L → L 0 limit. Implementing Gauss's law and the gauge condition, and developing the canonical formulation of the part of the theory described by L 0 , will enable us to construct the Fock space for the particle states observed in the broken vacuum. In the course of this work, we will demonstrate the process by which the masses that stem from the Higgs-Kibble effect [3] combine with the topological mass to form the masses of the propagating modes of the gauge field in this model. L 0 , defined as we have specified here, is the Lagrangian that drives the interaction-picture fields when a Higgs-Kibble effect occurs. The corresponding "free" Hamiltonian H 0 , which is the e → 0 limit of H obtained by this same limiting process, accounts for the particle spectrum of this model. Once L 0 and H 0 have been identified, and
Gauss's law and the covariant gauge condition have been imposed, the resulting apparatus can be used to develop a Fock space as well as propagators and vertices for evaluating the S-matrix elements and renormalization constants for the full theory, with L 1 and L 2 included.
The Euler-Lagrange equations determined by L 0 are
where α a = M (a) ξ a , and
From these equations, we get
Equation (20) represents the Maxwell-Ampere law (for ν = 1, 2) as well as Gauss's law (for ν = 0); however, as is to be expected in covariant gauges, this equation differs from the classical form of Maxwell-Ampere and Gauss's laws by the gauge-fixing term -in this case,
Implementation of the correct form of these laws will have the effect of defining a subspace for the dynamical time-evolution of state vectors in which the gauge-fixing term will have vanishing matrix elements. Equation (21) will be used to impose the covariant gauge condition: γ = 0 corresponds to the Feynman, and γ = 1 to the Landau version of the covariant (t'Hooft) gauge.
To quantize this theory, we need to express the Hamiltonian in terms of the canonical momenta given by
. These canonical momenta are:
and 
and all other commutators among these fields are zero. The anticommutation rules for the Faddeev-Popov ghost fields are
and all other combinations anticommute.
The Hamiltonian density H 0 , determined by L 0 and by the canonical momenta, will be expressed as
for a = 1, 2, 3:
for a = 4, 5, 6, 7, 8:
The other parts of H 0 are
The Hamiltonian, H 0 = dx H 0 (x), is the "free" kinetic energy limit of the entire Hamiltonian, with the proviso that in this model the free kinetic energy limit includes the part of the interaction term in which the constant tree-approximation vacuum expectation value of Φ combines with the charge e to form a new constant, dimensionally a mass, whose operator-valued coefficient is bilinear in fields. This part of the interaction is not shut off in the H → H 0 limit, and is absorbed into a generalized, more encompassing kinetic energy operator H 0 .
III. PARTICLE STATES AND GAUSS'S LAW
Equation (20), when ν = 0 and the canonical momenta replace the time derivatives of fields, has the form
5 For notational simplicity, we will, from here on, generally use a noncovariant notation in which the subscript l denotes a covariant component of a covariant quantity (like ∂ l ), a contravariant component of a contravariant quantity (like A l ), or the contravariant component of the second rank tensor Π l .
The right-hand side of Eq. (42) would have to vanish to express Gauss's law. But since
is not one of the Euler-Lagrange equations, we therefore have to take some further measures to implement Gauss's law. For later reference, we will define the "Gauss's law operator" G a as
In order to describe the particle states of this theory, we must construct a "suitable"
representation for the operator-valued fields in terms of creation and annihilation operators for the observable propagating particles described by this model. We expect these observable earlier work on related systems [6, 7] suggest that the gauge fields in the doublet and singlet sectors each have two different massive gluon states. The gauge fields in the unbroken SU(2) triplet have just a single gluon excitation mode. We will make an initial ansatz that incorporates this set of particle states into the representation of the gauge fields. If more particle states are needed than the ones included in our ansatz, or if an entirely different set is required, it will be impossible to construct a suitable representation using these excitation modes. If fewer particle modes are sufficient, then it will be become evident that a mode is redundant. Mistakes in the tentative choices of particle modes will therefore be selfcorrecting. Conversely, a consistent and suitable representation of the gauge fields will confirm that the identification of the particle excitations is correct.
The first requirement for a suitable representation is that it must be consistent with the 
Ghost excitation operators exist in pairs. In this work, we will use the ghost annihilation inner products also arise for n-particle states with equal numbers of Q and R ghosts. These properties of the ghost states are implemented by the commutator algebra
which, in turn, imply that the unit operator in the one-particle ghost (OPG) sector is
the obvious generalization of Eq. (46) applies in the n-particle sectors. The ghost excitations enable us to satisfy the equal-time commutation relations, Eqs. (31) and (32).
Another requirement we will impose on a "suitable" representation is that the Gauss's law operator G c (x) be restricted to a linear combination of ghost operators for a single kind of ghost. We will stipulate the specific requirement that G c (x) be a superposition
There is yet another criterion that a representation must satisfy in order to be suitable: The gluon modes (propagating and ghost) must appear in the Hamiltonian H 0 in such a manner that dynamical time-evolution -i.e. translation by the time-displacement operator exp (−iH 0 t) -never propagates state vectors into the "dangerous" part of Hilbert space in which inner products between the two different types of ghost states drain probability from observable particle states.
We have found the required suitable representation of the fields by a combination of unitary transformations similar to the ones used in previous work [18] [19] [20] and of "trial fields" with arbitrary parameters which we then adjusted to arrive at "suitable" field representations. For example, we used the trial field
where α 1 (k), . . . , α 16 (k) are arbitrary real parameters. Similar substitutions were made for the other fields in the model. The requirements of "suitability" were then translated into a set of equations which was solved using a customized operator algebra manipulation package in MATHEMATICA [23] . The resulting gauge field representations for the SU(2)-symmetric triplet (c = 1, 2, 3) that has topological mass only are
where ω(k) = √ m 2 + k 2 ; and for the doublet and singlet sectors with combined topological and "Higgs-Kibble" mass (c = 4, . . . , 8), the fields are represented by
The unphysical scalar fields for c = 4, . . . , 8 are
and their canonically conjugate momenta
where 
The masses M c are given by Eq. (16). The Higgs field ψ and its canonical momentum Π ψ are represented as
where Ω(k) is given by
The Faddeev-Popov ghost fields are represented as [25] 
where
When Eqs. (52)-(67) are substituted into the Hamiltonian H 0 given in Eq. (37), we obtain the expression
where H c is given by
for the c = 1, 2, 3 sector of unbroken SU(2) gluon triplet, and 
and the Faddeev-Popov ghost part of the Hamiltonian H fp , by
Inspection confirms that H 0 is diagonal in the particle number for the observable, prop- 
which a single variety of ghost creation operator acts on one of these multiparticle states |N have zero norm; they have no probability of being observed, and have vanishing expectation values of energy, momentum, as well as all other observables. We will designate as {|n } to each. Beyond that, the form of H 0 guarantees that any state vector initially in {|n } is propagated by exp (−iH 0 t) entirely within {|n }.
We next turn to the implementation of Gauss's law and the gauge condition. We have previously noted that Gauss's law, G a (x) = 0, is not a consequence of the Euler-Lagrange equations, and that further analysis is required to demonstrate that it is properly imple- 
The implementation of Gauss's law is an immediate consequence of this expression for G a . A state vector that describes an observable state is one of the |N states in the quotient space discussed earlier. The time evolution generated by exp (−iH 0 t) has previously been shown to keep any state vector that initially was an |N state contained in the subspace {|n }.
And the Gauss's law operator G a , as well as any other operator that is a linear combination It is apparent that the explicit representations of the fields we have given in Eqs. (52)- (57) are instrumental in obtaining the results we have demonstrated above. But the confirmation of the particle mode content of these fields that the self-consistency of this formulation provides is not weakened by its dependence on an explicit representation of the fields. A representation in terms of creation and annihilation operators, and the choice of a Hilbert space in which to embed the formalism -in this case the Fock spaces {|n } and {|h } -are inevitably important parts of the axiomatic structure of the theory. And it is a significant fact that a representation of the operator-valued fields and a Fock space have been found that permit a consistent interpretation of H 0 as a kinetic energy operator for a system of noninteracting particles in a new vacuum state, even though part of the interaction described by L is included in H 0 . Moreover, a Fock space has been constructed within which H 0 time displaces state vectors so that unitarity, Gauss's law, and the gauge condition are all permanently guaranteed. It should be noted that when all interactions are included in a complete
Hamiltonian H, these conditions no longer apply. Under the influence of the time-evolution operator exp(−iHt), state vectors "leak out" of {|n }, and probabilistically uninterpretable state vectors that contain combination of ghosts, for example
Combinations of Faddeev-Popov ghosts are then necessary to compensate for such combinations of Q and R ghosts [25] , and loops of Faddeev-Popov ghost play an important role in maintaining the unitarity of the theory. One reason for the interpretability of this model is that the "interaction-free" limit we have described -the limit as e → 0 and h → 0 while e 
IV. THE PERTURBATIVE THEORY
The propagator for the gauge field is given by
where T designates time-ordering, A µ (x) is the interaction-picture field
A µ (x) is the Schrödinger picture field, and |0 is the vacuum state of the {|n } space.
Similarly, the propagator for an unphysical scalar ξ(x) is
and, for the Higgs field,
There are other propagators in this theory, but they vanish for γ = 1 (Landau gauge) which we use in our work, and therefore are not of primary interest to us. We find that the relevant interaction picture fields for c = 1, 2, 3 are
for c = 4, . . . , 8, they are
The Faddeev-Popov ghost fields are
The propagators for the gauge fields can be expressed as
and for a = 4, . . . , 8:
These expressions agree with the gauge field propagators reported in Ref. [9] for a = 1, 2, 3
and with Refs. [4, 5, 17] for a = 4, . . . , 8. These propagators were obtained by inverting the quadratic part of the gauge-fixed Lagrangian. The other propagators are given in terms of the Fourier integral
In a canonical theory, the vertices are dictated by the interaction Hamiltonian H int .
Since, in this model, time derivatives of operator-valued fields appear in the interaction
Lagrangian as well as in L 0 , H int will differ from − dx (L 1 + L 2 ). The resulting vertices will be determined by H int , and the propagators will consist of vacuum expectation values of the time-ordered fields that appear in H int . In expanding the S-matrix for scattering from an initial state |i to a final state |f ,
by using the Wick theorem [27], we will sometimes encounter time-ordered products of fields and, at other times, time-ordered products of space-time derivatives of fields. When time derivatives of fields appear as arguments of a time-ordering operation, we will replace the time-ordering operator T with the "T-star ordering" operator T * which is defined so that any derivatives acting on time-ordered fields are to be taken only after time ordering has been carried out. In transforming T-ordered to T * -ordered fields, additional terms are generated, which contain the δ(x 0 − y 0 ) that is produced when time derivatives are extracted from T-ordered products of time-differentiated fields. As was pointed out by Matthews, these extra terms in which δ(x 0 − y 0 )-functions appear just cancel the difference between H int and
, so that the perturbative theory requires only the propagators given in Eqs. (88)-(93) and the vertices dictated by the interaction Lagrangian [28] . Application of the Matthews rule to a model with a spontaneously broken gauge symmetry that produces massive gauge excitations also applies to this case [21] .
V. POINCARÉ STRUCTURE AND LORENTZ TRANSFORMATIONS OF MASSIVE GAUGE BOSONS
In this section we will construct the six canonical Poincaré generators in 2+1 dimensions:
the time-evolution operator, P 0 = H 0 ; the two-component space-displacement operator P l ; the (scalar) rotation operator J; and the two-component Lorentz boost K l . We will also use the Lorentz boost generators to transform the single-particle massive gauge boson states, to display their properties under Lorentz transformations as well as to obtain further confirmation of the consistency of our canonical formulation of this model.
The canonical Poincaré generators for this model are: P 0 = dx P 0 (x), where P 0 = H 0 with H 0 given by Eq. (37);
The term κ rotation implements the mixing of the space components of the fields during a rotation. It arises from the fact that, under an infinitesimal rotation δθ about an axis perpendicular to the 2-D plane, the components of A µ transform as follows:
Under an infinitesimal boost δβ l along the l-direction, the components of A µ transform as
Use of the canonical commutation rules leads to the following commutation rules for the Poincaré generators:
[H,
[J,
We observe that these commutation rules form a closed Lie algebra, and that they are consistent with the transformations given in Eqs. (102)-(105).
To facilitate this investigation of the Lorentz transformation of states that are eigenstates to H 0 , we shift to a description of excitation operators that have an invariant norm under Lorentz transformations. We observe, for example, that the norm of the one-particle state
is not a Lorentz scalar because dk is not the Lorentz invariant measure for the phase space.
The invariant measure can be established by noting that the invariant delta function model is also motivated by the question of its quantum consistency. Indeed, the result reported in [16] , that the bare quantum consistency condition of Deser-Jackiw-Templeton [2] is maintained at one-loop in such a broken vacuum, was in fact first obtained by us using the techniques and formalism described in this paper. An interesting further application would be to the analysis of the non-Abelian versions of the self-dual Chern-Simons-Higgs systems considered in [29] . and L 2 in terms of real fields. These interaction Lagrangians define the vertices required for perturbative computations. When the Lagrangians given in Eqs. (11) and (12) are expanded in terms of the real fields in Eq. (13) and the symmetry breaking mass scales in Eq. (16), we obtain the following: the O(e) interaction Lagrangian becomes 
In these expressions, τ designates the Pauli spin matrices, and A µ denotes the gauge field triplet A aµ (a = 1, 2, 3) in the unbroken SU(2) "isospin" subgroup. The isospinors Ψ a (a = 1, 2, 3) are the combinations of the Higgs field ψ and the ξ a fields given by Eqs. (17)- (19) .
